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Abstract

Submodular functions are discrete analogs of con-
vex functions, which have applications in various
fields, including machine learning and computer
vision. However, in large-scale applications, solv-
ing Submodular Function Minimization (SFM)
problems remains challenging. In this paper, we
make the first attempt to extend the emerging tech-
nique named screening in large-scale sparse learn-
ing to SFM for accelerating its optimization pro-
cess. We first conduct a careful studying of the
relationships between SFM and the corresponding
convex proximal problems, as well as the accu-
rate primal optimum estimation of the proximal
problems. Relying on this study, we subsequently
propose a novel safe screening method to quickly
identify the elements guaranteed to be included
(we refer to them as active) or excluded (inactive)
in the final optimal solution of SFM during the
optimization process. By removing the inactive
elements and fixing the active ones, the problem
size can be dramatically reduced, leading to great
savings in the computational cost without sacrific-
ing any accuracy. To the best of our knowledge,
the proposed method is the first screening method
in the fields of SFM and even combinatorial op-
timization, thus pointing out a new direction for
accelerating SFM algorithms. Experiment results
on both synthetic and real datasets demonstrate
the significant speedups gained by our approach.

1. Introduction

Submodular Functions (Fujishige, 2005) are a special class
of set functions, which have rich structures and a lot of links
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with convex functions. They arise naturally in many domain-
s, such as clustering (Narasimhan & Bilmes, 2007), image
segmentation (Kolmogorov & Zabin, 2004; Cevher et al.,
2009), document summarization (Lin & Bilmes, 2011a),
etc. Most of these applications can be finally deduced to a
Submodular Function Minimization (SFM) problem:

min F(A),

T (SFM)

where F'(A) is a submodular function defined on a set V.
The problem of SFM has been extensively studied for sev-
eral decades in the literatures (Edmonds, 1970; Lovasz,
1983; McCormick, 2005; Wu et al., 2016; Ene et al., 2017),
in which many algorithms have been developed from the
perspectives of combinatorial optimization and convex op-
timization. The most well-known conclusion is that SFM
is solvable in strongly polynomial time (Iwata et al., 2001).
Unfortunately, due to the high-degree polynomial depen-
dence, the applications of submodular functions on the large
scale problems remain challenging, such as image segmenta-
tion (Cevher et al., 2009) and speech analysis (Lin & Bilmes,
2011b), which both involve a huge number of variables.

Screening (El Ghaoui et al., 2012) is an emerging tech-
nique, which has been proved to be effective in accelerating
large-scale sparse model training. It is motivated by the
well-known feature of sparse models that a significant por-
tion of the coefficients in the optimal solutions of them (resp.
their dual problems) are zeros, that is, the corresponding
features (resp. samples) are irrelevant with the final learned
models. Screening methods aim to quickly identify these
irrelevant features and/or samples and remove them from
the datasets before or during the training process. Thus, the
problem size can be reduced dramatically, leading to sub-
stantial savings in the computational cost. The framework
of these methods is given in Algorithm 1. Since screening
methods are always independent of the training algorithms,
they can be integrated with all the algorithms flexibly. In
the recent few years, specific screening methods for most
of the traditional sparse models have been developed, such
as Lasso (Tibshirani et al., 2012; Wang et al., 2013; Wang
& Ye, 2015), sparse logistic regression (Wang et al., 2014),
multi-task learning (Ndiaye et al., 2015) and SVM (Ogawa
et al., 2013; Zhang et al., 2017). Empirical studies indicate
that the speedups they achieved can be orders of magnitudes.
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Algorithm 1 Framework of screening in sparse learning

1: Estimate the dual (resp. primal) optimum of the sparse
model.

2: Based on the estimation above, infer which components
of the primal (resp. dual ) optimum are zeros from the
KKT conditions.

3: Remove the features (resp. samples) corresponding to
the identified components.

4: Train the model on the reduced dataset.

The binary attribute (each element in V' must be either in
or not in the optimal solution) of SFM motivates us to in-
troduce the key idea of screening into SFM to accelerate
its optimization process. The most intuitive approach is to
identify the elements that are guaranteed to be included or
excluded in the minimizer A* of SFM prior to or during
actually solving it. Then, by fixing the identified active
elements and removing the inactive ones, we just need to
solve a small-scale problem. However, we note that existing
screening methods are all developed for convex models and
they cannot be applied to SFM directly. The reason is that
they all heavily depend on KKT conditions (see Algorithm
1), which do not exist in SFM problems.

In this paper, to improve the efficiency of SFM algorithms,
we propose a novel Inactive and Active Element Screening
(TAES) framework for SFM, which consists of two kinds of
screening rules, i.e., Inactive Elements Screening (IES) and
Active Elements Screening (AES). As we analyze above,
the major challenge in developing TAES is the absence of
KKT conditions. We bypass this obstacle by carefully study-
ing the relationship between SFM and convex optimization,
which can be regarded as another form of KKT conditions.
We find that SFM is closely related to a particular convex
primal and dual problem pair Q-P and Q-D (see Section 2),
that is, the minimizer of SFM can be obtained from the posi-
tive components of the optimum of problem Q-P. Hence, the
proposed TAES identifies the active and inactive elements
by estimating the lower and upper bounds of the compo-
nents of the optimum of problem Q-P. Thus, one of our
major technical contributions is a novel framework (Section
3)—developed by carefully studying the strong convexity of
the corresponding primal and dual objective functions, the
structure of the base polyhedra, and the optimality condi-
tions of the SFM problem—for deriving accurate optimum
estimation of problem Q-P. We integrate IAES with the
solver for problems Q-P and Q-D. As the solver goes on,
and the estimation becomes more and more accurate, IAES
can identify more and more elements. By fixing the active
elements and removing the inactive ones, the problem size
can be reduced gradually. IAES is safe in the sense that
it would never sacrifice any accuracy on the final output.
To the best of our knowledge, IAES is the first screening

method in the domain of SFM or even combinatorial opti-
mization. Moreover, compared with the screening methods
for sparse models, an outstanding feature of IAES is that it
has no theoretical limit in reducing the problem size. That
is, we can finally reduce the problem size to zero, lead-
ing to substantial savings in the computational cost. The
reason is that as the optimization proceeds, our estimation
will be accurate enough to infer the affiliations of all the
elements with the optimizer A*. While in sparse models,
screening methods can never reduce the problem size to
zero since the features (resp. samples) with nonzero coef-
ficients in the primal (resp. dual) optimum can never be
removed. Experiments (see Section 4) on both synthetic and
real datasets demonstrate the significant speedups gained by
TAES. For the convenience of presentation, we postpone the
detailed proofs of theoretical results in the main text to the
supplementary materials.

Notations: We consider a set V = {1, ..., p}, and denote its
power set by 2V, which is composed of 27 subsets of V. | A|
is the cardinality of a set A. AU B and AN B are the union
and intersection of the sets A and B, respectively. A C B
means that A is a subset of B, potentially being equal to
B. Moreover, for w € RP and o € R, we let [w]; be the
k-th component of w and {w > a} (resp. {w > a}) be
the weak (resp. strong) a-sup-level set of w defined as {k :
ke V,[w|y > a} (resp. {k: k € V,[w]r > a}). Atlast,
for s € RP, we define a set function by s(A) = >, _ ,[s]x-

2. Basics and Motivations

This section is composed of two parts: a) briefly review
some basics of submodular functions, SFM, and their rela-
tions with convex optimization; b) motivate our screening
method TAES.

The followings are the definitions of submodular function,
submodular polyhedra and base polyhedra, which play an
important role in submodular analysis.

Definition 1. [Submodular Function (McCormick, 2005)]
A set function F : 2V — R is submodular if and only if for
all subsets A, B C 'V we have:

F(A)+ F(B) > F(AUB)+ F(ANB).

Definition 2. [Submodular and Base Polyhedra (Fujishige,
2005)] Let F be a submodular function such that F(Q) = 0.
The submodular polyhedra P(F) and the base polyhedra
B(F) are defined as:

P(F)={se€ RP: VA C V,s(A) < F(A)},
B(F)={se RP: (V) = F(V),YA C V,s(A) < F(A)}.

Below we give the definition of Lovasz extension, which
works as the bridge that connects submodular functions and
convex functions.
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Definition 3. [Lovész Extension (Fujishige, 2005)] Given
a set-function F such that F(() = 0, the Lovdsz extension
[ RP — R is defined as follows: for w € RP, order the
components in a decreasing order [wl;, > ... > [w]; , and
define f(w) through the equation below,

Z F({j1, -

k=1

Jp’

'7jk}) - F({]la 7.7k—1}))

Lovész extension f(w) is convex if and only if F' is sub-
modular (see (Fujishige, 2005)).

We focus on the generic submodular function minimization
problem SFM defined in Section 1 and denote its minimizer
as A*. To reveal the relationship between SFM and convex
optimization and finally motivate our method, we need the
following theorems.

Theorem 1. Let 1)1, ...,1, be p convex functions on R,
Y1, ..., ¥, be their Fenchel-conjugates (Borwein & Lewis,
2010), and f be the Lovdsz extension of a submodular func-
tion F'. Denote the subgradient of 1.(-) by Ovy(+). Then,
the followings hold:

(i) The problems below are dual of each other:

min f(w) + Z vy ([w ()
5, L ®)

(ii) The pair (w*,s*) is optimalforproblems (P) and (D) if
and only if

{@ympzawﬂﬂpﬁkew

Opt
(b): w* € Np(p(s¥), (©py)

where Np(p)(s*) is the normal cone (see Chapter 2 of
(Borwein & Lewis, 2010)) of B(F') at s*.

When 1); () is differentiable, we consider a sequence of set
optimization problems parameterized by @ € R:

)+ Vi(a)

JjEA

where V1, (+) is the gradient of ¢y (-). The problem SFM’
has tight connections with the convex optimization problem
P (see the theorem below).

mln F(A (SFM’)

Theorem 2. [Submodular function minimization from the
proximal problem, Proposition 8.4 in (Bach et al., 2013)]
Under the same assumptions in Theorem 1, if 1;(-) is dif-
ferentiable for all j € V and w* is the unique minimizer
of problem P, then for all o € R, the minimal minimizer of
problem SFM’ is {u > o} and the maximal minimizer is
{u > a}, that is, for any minimizers A}, we have:

{w* >a} C A, C{w">a}. (1)

By choosing j(z) = 2% and & = 0 in SFM’, combining
Theorems 1 and 2, we can see that SFM can be reduced to
the following primal and dual problems, one is a quadratic
optimization problem and the other is equivalent to finding

the minimum norm point in the base polytope B(F):

. ._ 1o _

in P(w) := f(w) + S fwlz, (Q-P)
_ 1 2

Jmax D(s) = —5 sz (Q-D)

According to (1), we can define two index sets:
E={jeV:[w];>0},andG:={j € V: [w]; <0},
which imply that
(:jeE=je A",
(i)jeg=j¢ A"
We call the j-th element active if j € £ and the ones in G
inactive.

(RI)
(R2)

Suppose that we are given two subsets of £ and G, by rules
R1 and R2, we can see that many affiliations between A*
and the elements of V' can be deduced. Thus, we have less
unknowns to solve in SFM and its size can be dramatically
reduced. We formalize this idea in Lemma 1.

Lemma 1. Given two subsets C; C G and & C €&, the
followings hold:

(i): £ C A*, and forall j € G we have j ¢ A*.
(ii): The problem SFM can be reduced to the following
scaled problem:

F(C) =

FEuUC)-F(é),

min

1 (scaled-SFM)
CCV/(EUG)

which is also an SFM problem.

(iii): A* can be recovered by A* = E U C*, where C* is
the minimizer of scaled-SFM.

Lemma 1 indicates that, if we can identify the active set
€ and inactive set Q , we only need to solve a scaled prob-
lem scaled-SFM, which may have much smaller size than
the original problem SFM, to exactly recover the optimal
solution A* without sacrificing any accuracy.

However, since w* is unknown, we cannot directly apply
rules R1 and R2 to identify the active set £ and inactive set
G. Inspired by the ideas in the gap safe screening methods
((Fercoq et al., 2015; Ndiaye et al., 2016; Shibagaki et al.,
2016)) for convex problems, we can first estimate the region
W that contains w* and then relax the rules R1 and R2 to
the practicable versions. Specifically, we first denote

E={je V '+ min [w]; > 0}, 2)

G = {jEV:‘fvnea‘f\(}[w]j < 0}. 3)
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It is obvious that & C £ and G C G. Hence, the rules R1
and R2 can be relaxed as follows:

(R1%)
(R2%)

():jeé=je A
(ii):jeG=j¢A*

In view of the rules R1° and R2’, we sketch the development
of IAES as follows:

Step 1: Derive the estimation VV such that w* € W.

Step 2: Develop IAES via deriving the detailed screening
rules R1’ and R2’.

3. The Proposed Element Screening Method

In this section, we first present the accurate optimum es-
timation by carefully studying the strong convexity of the
functions P(w) and D(s), the optimality conditions of SFM
and its relationship with the convex problem pair (see Sec-
tion 3.1). Then, in Section 3.2, we develop our inactive and
active element screening rules IES and AES step by step.
At last, in Section 3.3, we develop the screening framework
TAES by an alternating application of IES and AES.

3.1. Optimum Estimation

Let £ and G be the active and inactive sets identified by
the previous IAES steps (before applying IAES for the first
time, they are (). From Lemma 1, we know that the problem
SFM then can be reduced to the following scaled problem:

min F(C) := F(EUC) — F(€),
ccv

where V = V/(£UG). The second term —E(é) at the right
side of the equation above is added to make F'(()) = 0. Thus,
the corresponding problems Q-P and Q-D then become:

. X U S ,
min P(w) := f(w) + =|w[3, (Q-P)
wERP 2

NN 1 . ,
max D(8) := — |3, (Q-D)
8eB(F) 2

where f(W) is the Lovdsz extension of F'and p = |V/(€ U
G)|. Now, we turn to estimate the minimizer w* of the
problem Q-P’. The result is presented in the theorem below.
Theorem 3. For any w € domP(w), $ € B(F) and C' C
V, we denote the dual gap as G(w,8) = P(w) — D(8),
and then we have

where B = {W dlw =W < 2G(W,§)}, 0= {W :
F(V) = 2F(C) < |lwl

(w,1) = _F(V)}.

From the theorem above, we can see that the estimation
W is the intersection of three sets: the ball /3, the ¢1-norm
equipped spherical shell €2 and the plane P. As the optimizer
goes on, the dual gap G(W, §) becomes smaller, and (V) —
2F(C) and ||w||; would converge to ||Ww*||; (see Chapter
7 of (Bach et al., 2013)). Thus, the volumes of 5 and 2
become smaller and smaller during the optimization process,
and the estimation ¥V would be more and more accurate.

3.2. Inactive and Active Element Screening

We now turn to develop the screening rules IES and AES
based on the estimation of the optimum w*.

From (2) and (3), we can see that, to develop the screening
rules we need to solve two problems: minyeyy[w|; and
maxwew[w];. However, since W is highly non-convex
and has a complex structure, it is very hard to solve these
two problems efficiently. Hence, we rewrite the estimation
WasW = (BNP)N(BNQ), and develop two different
screening rules on 3 NP and B N €2, respectively.

3.2.1. INACTIVE AND ACTIVE ELEMENT SCREENING
BASED ON BN P

Given the estimation 3 N P, we derive the screening rules
by solving the following problems

i i and 2
wEp Ml and pgs

We show that both of the two problems above admit closed-
form solutions.

Lemma 2. Given the estimation ball B, the plane P and
the active and inactive sets £ and G, which are identified in
the previous IAES steps, for all j € [p] we denote

by = 2( YWl + F(V) = (5 - DIw); ),
i#j
&= (W) + FO) — (- 1)(26(w.8) - [w]2).
i#]
Then the followings hold:

min —bj — 4 /b? — 4]56]‘

J : 213 ’

e 7bj + A /b? — 4130]'

W gl = 2%

O Zippli = )

We are now ready to present the active and inactive screen-
ing rules AES-1 and IES-1.

Theorem 4. Given the active and inactive sets & and G,
which are identified in the previous IAES steps, we have

(1): The active element screening rule takes the form of

(WM > 0= j€ A" Vj e V/(EUG).  (AES-1)
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(i1): The inactive element screening rule takes the form of

WP < 0=j ¢ A"\ Vje V/(EUG).  (IES-1)

(iii): The active and inactive sets € and Q can be updated

by
E+ EUNE, 4)
~GUAG, (5)

where AE and AG are the newly identified active and inac-
tive sets defined as

AE:={jeV/EUG): [W];“in > 0},
AG:={jeV/(EUG): [w];** < 0}.

From the theorem above, we can see that our rules AES-1
and IES-1 are safe in the sense that the detected elements
are guaranteed to be included or excluded in A*.

3.2.2. INACTIVE AND ACTIVE ELEMENT SCREENING
BASED ON BN ()

We now derive the second screening rule pair based on the
estimation B N €.

Due to the high non-convexity and complex structure of
B N €, directly solving problems minyepno[w|; and
maxwepne (W], is time consuming. Notice that, to de-
rive IAS and IES, we only need to judge whether the in-
equalities minweBmQ[W]j > 0 and maxweBnQ[W]j <0
are satisfied or not, instead of calculating minyena[Ww};
and maxwecpno[w];. Hence, we only need to infer the
hypotheses {w : w € B,[w]; < 0} N Q = 0 and
{w:we BJ[w]; >0}nQ = 0 are true or false.
Thus, from the formulation of ) (see Theorem 3), the
problems boil down to calculating the minimum and the
maximum of [|wl|; with {w : w € B,[w]; > 0} or
{W tw e B [w]; < 0}, which admit closed-form so-
lutions. The results are presented in the lemma below.

Lemma 3. Given the estimation ball B and the active and
inactive sets € and G, which are identified in the previous
IAES steps, then the followings hold:

(1): Vj € p, if|[W];| > \/2G(W,8), then the element j can
be identified by rule AES-1 or IES-1 to be active or inactive.

(i): Vjep if0 < [w]; <+/2G(W,8), we have

min  ||w|1 < ||[W]1,
weB,[w]; <0

max
weB,[w]; <0

Il 20w+ 25GTR), o) — 25 <o,

Wil —[W];+vD—1,/2G(W,8) —[W]?, otherwise.

Wil

(iii): Vj € p, if —

min _ [|w]|; < [|[W]|1,
weB,[w]; >0

2G(w,8) < [W]; <0, we have

max
weB,[w]; >0

A A S (wd) il 2G(W,8
_ Wil 42[w];+ 2pG(VV,S)71f[w]j+\/¥>07
W2+ W] +vp—1 ZG(VAVS)—[\?VE,Otherwise.

Wil

We are now ready to present the second active and inac-
tive screening rule pair AES-2 and IES-2. From the lem-
ma above, we can see that the element j with |[W];| >

2G(w, §) can be screened by rules AES-1 and IES-1.
Hence, we now only need to consider the cases when

[W];] < V2G(W,8).

TheO}‘em 51 Given a set C C V and the active and inactive
sets € and G identified in the previous IAES steps, then,

(1): The active element screening rule takes the form of
0 < [W]; < +/2G(W,8)
maxXwes,w, <o [|Wlli < F(V) —2F(C)
=j € A"Vj e V/(EUQ). (AES-2)
(i1): The inactive element screening rule takes the form of
—V2G(w,8) < [W]; <0
maxwep [w],;>0 [W]1 < F(V) = 2F(C)
=j ¢ A*Vj e V/(EUQ). (IES-2)

(iii): The active and inactive sets € and Q can be updated
by

E— EUNE, (6)
G+ GUAG, (7)

where AE and AG are the newly identified active and inac-
tive sets defined as

AE ::{j eV/(EUG):0 < [w]; < 2G(w,8),

max
weB,[w]; <0

AG ::{j EV/(EUG) : —/2G(W,8) < [w]; < 0,
Iwih < £(7) = 20(C) }.

Iwlls < P(V) = 2P(C)},

max
weB,[w]; >0

Theorem 5 verifies the safety of AES-2 and IES-2.

3.3. The Proposed IAES Framework by An Alternating
Execution of AES and IES

To reinforce the capability of the proposed screening rules,
we develop a novel framework IAES in Algorithm 2, which
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applies the active element screening rules (AES-1 and AES-
2) and the inactive element screening rules (IES-1 and IES-
2) in an alternating manner during the optimization process.
Specifically, we integrate our screening rules AES-1, AES-2,
IES-1 and IES-2 with the optimization algorithm A for the
problems Q-P’ and Q-D’. During the optimization process,
we trigger the screening rules AES-1, AES-2, IES-1 and
IES-2 every time when the dual gap is 1 — p times smaller
than itself in the last triggering of IAES. As the solver A
goes on, the volumes of {2 and B would decrease to zeros
quickly, IAES can thus identify more and more inactive and
active elements.

Compared with the existing screening methods for convex
sparse models, an appealing feature of IAES is that it has
no theoretical limit in identifying the inactive and active ele-
ments and reducing the problem size. The reason is that, in
convex sparse models, screening models can never rule out
the features and samples whose corresponding coefficients
in the optimal solution are nonzero. While in our case, as
the optimizer .4 goes on, our estimation will be accurate
enough for us to infer the affiliation of each element with
A*. Hence, we can finally identify all the inactive and ac-
tive elements and the problem size can be reduced to zero.
This nice feature can lead to significant speedups in the
computation time.

Remark 1. The set C in Algorithm 2 is updated by choosing
one of the super-level sets of W with the smallest value
F(C). It is free to obtain it. The reason is that most of the
existing methods A for the problems Q-P’ and Q-D’ need
to calculate f(W) in each iteration, in which they need to
calculate the value F at all of the super-level sets of W (see
the greedy algorithm in (Bach et al., 2013) for details).

Remark 2. The algorithm A can be all the methods for
the problems Q-P’ and Q-D’, such as minimum-norm point
algorithm (Wolfe, 1976) and conditional gradient descent
(Dunn & Harshbarger, 1978). Although some algorithms
only update s, in IAES, we can update w in each iteration
by letting w = —s and refining it by the algorithm named
pool adjacent violators (Best & Chakravarti, 1990).

Remark 3. Due to Lemma I and the safety of AES-1, AES-2,
IES-1 and IES-2, we can see that IAES would never sacrifice
any accuracy.

Remark 4. Although step 14 in Algorithm 2 may increase
the dual gap slightly, it is worthwhile because of the reduced
problem size. This is verified by the speedups gained by
IAES in the experiments.

Remark 5. The parameter p in Algorithm 2 controls the
frequency how often we trigger IAES. The larger value, the
higher frequency to trigger IAES but more computational
time consumed by IAES. In our experiment, we set p = 0.5
and it achieves a good performance.

Algorithm 2 Inactive and Active Element Screening
1: Input: an optimization algorithm A for problems (Q-
P’)and (Q-D’),e > 0,0 < p < 1.
2: Initialize: £ = G = 0,C = 0,9 = oo, choose § €
B(F)and w = —s.

3: repeat
4:  Run A on problems (Q-P’) and (Q-D’) to update w,
Sand C.
5:  if dual gap G(W,8) < pg then
6: Run the active element screening rules AES-1 and
AES-2 based on (W, §) and C.
7: Update the active set £ by (4) and (6).
8: Run the inactive element screening rules IES-1 and
IES-2 based on (W, §) and C.

9: Update the inactive set Q by (5) and (7).
10: if V/(£ UG) = () then
11: Return: &.
12: else
13: Update F, Q-P’, Q-D’ according to EandG.
14: Update w and S by:

W ["AV]V/(SUG)7
§ < arg max (W,s).
s€B(F)

15: Update g < G(W, 8).
16: end if
17:  end if

18: until G(W,8) <e.
19: Return: £ U {w > 0}.

4. Experiments

We evaluate IAES through numerical experiments on both
synthetic and real datasets by two measurements. The first
one is the rejection ratios of IAES over iterations: :Z iZ* s
where m; and n; are the numbers of the active and inactive
elements identified by IAES after the i-th iteration, and m*
and n* are the numbers of the active and inactive elements in
A*. We notice that in our experiments m* 4+ n* = p, so the
rejection ratio presents the problem size reduced by IAES.
The second measurement is speedup, i.e., the ratio of the
running times of the solver without IAES and with IAES.
We set the accuracy tolerance € to be 107°. Recall that,
IAES can be integrated with all the solvers for the problems
Q-P and Q-D. In this experiment, we use one of the most
widely used algorithms minimum-norm point algorithm
(MinNorm) (Wolfe, 1976) as the solver. The function F'(A)
varies according to the datasets, whose detailed definitions
will be given in the subsequent subsections.

We write the code in Matlab and perform all the compu-
tations on a single core of Intel(R) Core(TM) 17-5930K
3.50GHz, 32GB MEM.
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Figure 1. Rejection ratios of IAES over the iterations on two-moons.

4.1. Experiments on Synthetic Datasets

We perform experiments on a synthetic dataset named two-
moons with different sample sizes (see Figure 2 for an ex-
ample). All the data points are sampled from two different
semicircles. Specifically, each point can be represented as
x = ¢; + 7y * [cos(6;), sin(6;)], where i = 1,2 stands for
the two semicircles, ¢; = [—0.5,1],co = [0.5,—1], 7 is
generated from a normal distribution N (2,0.52), and 6,
and 6 are sampled from two uniform distributions [—7, 7]
and [7, 37”], respectively. We first sample p data points
from these two semicircles with equal probability. Then, we
randomly choose py = 16 samples and label each of them
as positive if it is from the first semicircle and otherwise
label it as negative. We generate five datasets by varying
the sample size p in [200, 400, 600, 800, 1000]. We perform
semi-supervised clustering on each dataset and the objective
function F'(A) is defined as:

> logn; —

JjEA

F(A) = I(fa, fva) —

> log(1 —my),

JEV/A

where I(fa, fy;4) is the mutual information between t-
wo Gaussian processes with a Gaussian kernel k(z,y) =
exp(—allx —y||*),a = 1.5, and n; € {0, 1} if j is labeled
and otherwise 7; = % (see Chapter 6 of (Bach et al., 2013)
for more details). The kernel matrix is dense with the size
p X p, leading to a big computational cost when p is large.

4 =
-3 -2 -1 0 1 2 3

Figure 2. The two-moons dataset with 400 samples. The data
points in magenta and blue are sampled from two different distri-
butions. The filled dots are the labeled data points.

Figure 1 displays the rejection ratios of IAES on two-moons.
We can see that IAES can find the active and inactive ele-
ments incrementally during the optimization process. It can

finally identify almost all of the elements and reduce the
problem size to nearly zero in no more than 400 iterations,
which is consistent with our theoretical analysis in Section
3.3. Figure 3 visualizes the screening process of IAES on
two-moons when p = 400. It shows that, during the opti-
mization process, IAES identifies the elements that are easy
to be classified first and then identifies the rest.

Table 1 reports the running time of MinNorm without and
with AES (AES-1 + AES-2), IES (IES-1 + IES-2) and IAES
for solving the problem SFM on two-moons. We can see
that the speedup of TAES can be up to 10 times. In all
the datasets, TAES is significantly faster than MinNorm,
MinNorm with AES or IES. At last, we can see that the time
costs of AES, IES and TAES are negligible.

4.2. Experiments on Real Datasets

In this experiment, we evaluate the performance of IAES on
an image segmentation task. We use five images (included
in the supplemental material) in (Rother et al., 2004) to
evaluate IAES. The objective function F'(A) is the sum of
the unary potentials for all individual pixels and the pairwise
potentials of a 8-neighbor grid graph:

F(A) =u(d)+ Y

i€AjEV/A

d(i, ),

where V presents all the pixels, u € RY is the unary po-
tential derived from the Gaussian Mixture model (Rother
etal., 2004), and d(i, j) = exp{—||x; — x;||*} (x; and x;
are the values of two pixels) if ¢, j are neighbors, otherwise
d(i,7) = 0. Table 3 provides the statistics of the resulting
image segmentation problems, including the numbers of the
pixels and the edges in the 8-neighbor grid graph.

Table 3. Statistics of the image segmentation problems.

image #pixels | #edges
imagel | 50,246 | 199,627
image2 | 26,600 | 105,403
image3 | 51,000 | 202,637
image4 | 60,000 | 238,502
imageS | 53,200 | 211,404

The rejection ratios in Figure 4 show that IAES can identify
the active and inactive elements during the optimization
process incrementally until all of them are identified. This
implies that IAES can lead to a significant speedup in the
time cost.
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Figure 3. The visualization of the screening process of IAES on two-moons with p = 400. The filled dots in magenta and blue are the
identified active and inactive elements, respectively. The unfilled dots in cyan are the unidentified elements.
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Figure 4. Rejection ratios of IAES on real datasets over the iterations
Table 1. Running time (in seconds) for solving SFM on two-moons.
Data MinNorm AE$+MinN0rm IE$+MniNorm IAES+MinNorm
AES | MinNorm | Speedup | IES | MinNorm | Speedup | IAES | MinNorm | Speedup

p = 200 29.1 0.08 12.5 23 0.07 12.2 24 0.10 4.3 6.8

p = 400 829.1 0.09 106.5 2.8 0.12 231.7 3.6 0.15 82.7 10.0
p = 600 2,084.5 0.12 408.7 5.1 0.13 671.1 3.1 0.18 217.1 9.6

p = 800 2701.1 0.15 534.0 5.1 0.13 998.9 2.7 0.25 400.2 6.8
p = 1000 5422.9 0.20 1177.4 4.6 0.19 1453.5 3.7 0.30 774.7 7.0

Table 2. Running time (in seconds) for solving SFM on the task of image segmentation.
Data MinNorm AE$+MinNorm IE$+MniNorm IAES+MinN0rrn
AES | MinNorm | Speedup | IES | MinNorm | Speedup | IAES | MinNorm | Speedup

imagel 1575.6 0.10 1412.8 1.12 0.11 242.7 6.48 0.21 78.3 20.19

image? 1780.6 0.21 1201.6 1.48 0.30 616.6 2.89 0.50 130.1 13.69

image3 6775.8 0.51 5470.8 1.24 0.53 1080.4 6.27 0.17 220.7 30.70

image4 6613.5 0.42 5773.1 1.15 0.43 1286.3 5.14 0.32 553.2 11.96

image5S 4025.4 0.40 3638.8 1.11 0.17 506.4 7.95 0.51 187.5 21.50

Table 2 reports the detailed time cost of MinNorm without
and with AES, IES and IAES for solving the image segmen-
tation problems. We can see that IAES leads to significant
speedups, which are up to 30.7 times. In addition, we notice
that the speedup gained by AES is small. The reason is
that AES is used to identify the pixels of the foreground,
which is a small region in the image, and thus the problem
size cannot be reduced dramatically even if all the active
elements are identified.

At last, from Table 2, we can also see that the speedup we
achieve is supper-additive (speedup of AES + speedup of
IES < speedup of IAES). This can usually be expected,
which comes from the super linear computational complexi-
ty of each iteration in MinNorm, leading to a super-additive
saving in the computational cost. We notice that the speedup
we achieve on some of the two-moon datasets is not super-
additive. The reason is that we cannot identify a lot of

elements in the early stage (Figure 1). Thus, the early stage
takes up too much time cost.

5. Conclusion

In this paper, we proposed a novel safe element screening
method TAES for SFM to accelerate its optimization pro-
cess by simultaneously identifying the active and inactive
elements. Our major contribution is a novel framework for
accurately estimating the optimum of the corresponding
primal problem of SFM developed by carefully studying
the strong convexity of the primal and dual problems, the
structure of the base polyhedra, and the optimality condi-
tions of SFM. To the best of our knowledge, IAES is the
first screening method in the fields of SFM and even com-
binatorial optimization. The extensive experimental results
demonstrate that IAES can achieve significant speedups.



Safe Element Screening for Submodular Function Minimization

References

Bach, F. et al. Learning with submodular functions: A con-
vex optimization perspective. Foundations and Trends®)
in Machine Learning, 6(2-3):145-373, 2013.

Best, M. J. and Chakravarti, N. Active set algorithms for
isotonic regression; a unifying framework. Mathematical
Programming, 47(1-3):425-439, 1990.

Borwein, J. and Lewis, A. S. Convex analysis and nonlinear
optimization: theory and examples. Springer Science &
Business Media, 2010.

Cevher, V., Duarte, M. F., Hegde, C., and Baraniuk, R.
Sparse signal recovery using markov random fields. In
Advances in Neural Information Processing Systems, pp.
257-264, 2009.

Dunn, J. C. and Harshbarger, S. Conditional gradient algo-
rithms with open loop step size rules. Journal of Mathe-
matical Analysis and Applications, 62(2):432-444, 1978.

Edmonds, J. Submodular functions, matroids, and certain
polyhedra. Combinatorial structures and their applica-
tions, pp. 69-87, 1970.

El Ghaoui, L., Viallon, V., and Rabbani, T. Safe feature
elimination in sparse supervised learning. Pacific Journal
of Optimization, 8:667-698, 2012.

Ene, A., Nguyen, H., and Végh, L. A. Decomposable sub-
modular function minimization: discrete and continuous.
In Advances in Neural Information Processing Systems,
pp. 2874-2884, 2017.

Fercoq, O., Gramfort, A., and Salmon, J. Mind the duality
gap: safer rules for the lasso. In Proceedings of the
32nd International Conference on Machine Learning, pp.

333-342, 2015.

Fujishige, S. Submodular functions and optimization, vol-
ume 58. Elsevier, 2005.

Iwata, S., Fleischer, L., and Fujishige, S. A combinato-
rial strongly polynomial algorithm for minimizing sub-
modular functions. Journal of the ACM (JACM), 48(4):
761-777, 2001.

Kolmogorov, V. and Zabin, R. What energy functions can be
minimized via graph cuts? IEEE transactions on pattern
analysis and machine intelligence, 26(2):147-159, 2004.

Lin, H. and Bilmes, J. A class of submodular functions
for document summarization. In Proceedings of the 49th
Annual Meeting of the Association for Computational
Linguistics: Human Language Technologies-Volume 1,
pp- 510-520, 201 1a.

Lin, H. and Bilmes, J. Optimal selection of limited vo-
cabulary speech corpora. In Twelfth Annual Conference
of the International Speech Communication Association,
2011b.

Lovész, L. Submodular functions and convexity. In Mathe-
matical Programming The State of the Art, pp. 235-257.
Springer, 1983.

McCormick, S. T. Submodular function minimization.
Handbooks in operations research and management sci-
ence, 12:321-391, 2005.

Narasimhan, M. and Bilmes, J. Local search for balanced
submodular clusterings. In Proceedings of the 20th In-
ternational Joint Conference on Artifical Intelligence, pp.
981-986, 2007.

Ndiaye, E., Fercoq, O., Gramfort, A., and Salmon, J. Gap
safe screening rules for sparse multi-task and multi-class
models. In Advances in Neural Information Processing
Systems, pp. 811-819, 2015.

Ndiaye, E., Fercoq, O., Gramfort, A., and Salmon, J. Gap
safe screening rules for sparse-group lasso. In Advances
in Neural Information Processing Systems 29, pp. 388—
396. 2016.

Ogawa, K., Suzuki, Y., and Takeuchi, I. Safe screening of
non-support vectors in pathwise svm computation. In
Proceedings of the 30th International Conference on Ma-
chine Learning, pp. 1382—-1390, 2013.

Rother, C., Kolmogorov, V., and Blake, A. Grabcut: In-
teractive foreground extraction using iterated graph cuts.
In ACM transactions on graphics (TOG), volume 23, pp.
309-314. ACM, 2004.

Shibagaki, A., Karasuyama, M., Hatano, K., and Takeuchi,
I. Simultaneous safe screening of features and samples
in doubly sparse modeling. In Proceedings of the 33rd
International Conference on Machine Learning, pp. 1577—
1586, 2016.

Tibshirani, R., Bien, J., Friedman, J., Hastie, T., Simon, N.,
Taylor, J., and Tibshirani, R. J. Strong rules for discarding
predictors in lasso-type problems. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), T4
(2):245-266, 2012.

Wang, J. and Ye, J. Multi-layer feature reduction for tree
structured group lasso via hierarchical projection. In
Advances in Neural Information Processing Systems, pp.
1279-1287, 2015.

Wang, J., Zhou, J., Wonka, P., and Ye, J. Lasso screening
rules via dual polytope projection. In Advances in Neural
Information Processing Systems, pp. 1070-1078, 2013.



Safe Element Screening for Submodular Function Minimization

Wang, J., Zhou, J., Liu, J., Wonka, P., and Ye, J. A safe
screening rule for sparse logistic regression. In Advances

in Neural Information Processing Systems, pp. 1053—
1061, 2014.

Wolfe, P. Finding the nearest point in a polytope. Mathe-
matical Programming, 11(1):128-149, 1976.

Wu, B., Lyu, S., and Ghanem, B. Constrained submodular
minimization for missing labels and class imbalance in
multi-label learning. In AAAI, pp. 2229-2236, 2016.

Zhang, W., Hong, B., Liu, W, Ye, J., Cai, D., He, X., and
Wang, J. Scaling up sparse support vector machines by
simultaneous feature and sample reduction. In Proceed-
ings of the 34th International Conference on Machine
Learning, pp. 40164025, 2017.





